We derive the collision term relevant for neutrino quantum kinetic equations in the early universe and compact astrophysical objects, displaying its full matrix structure in both flavor and spin degrees of freedom. We include in our analysis neutrino-neutrino processes, scattering and annihilation with electrons and positrons, and neutrino scattering off nucleons (the latter in the low-density limit). After presenting the general structure of the collision terms, we take two instructive limiting cases. The one-flavor limit highlights the structure in helicity space and allows for a straightforward interpretation of the off-diagonal entries in terms of the product of scattering amplitudes of the two helicity states. The isotropic limit is relevant for studies of the early universe: in this case the terms involving spin coherence vanish and the collision term can be expressed in terms of two-dimensional integrals, suitable for computational implementation.
Introduction
The evolution of an ensemble of neutrinos in hot and dense media is described by an appropriate set of quantum kinetic equations (QKEs), accounting for kinetic, flavor, and spin degrees of freedom [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . QKEs are central to obtain a complete description of neutrino transport in the early universe, core collapse supernovae, and compact object mergers, valid before, during, and after the neutrino decoupling epoch (region). A self-consistent treatment of neutrino transport is highly relevant because in such environments neutrinos carry a significant fraction of the energy and entropy, and through their flavor-and energy-dependent weak interactions play a key role in setting the neutron-to-proton ratio, a critical input for the nucleosynthesis process.
In Ref. [9] the QKEs describing the evolution of Majorana neutrinos were derived using fieldtheoretic methods (see [15] [16] [17] [18] [19] for an introduction to non-equilibrium QFT). These QKEs include spin degrees of freedom and encompass effects up to second order in small ratios of scales characterizing the neutrino environments we are interested in. Specifically, we treat neutrino masses, mass-splitting, and matter potentials induced by forward scattering, as well as external gradients as much smaller than the typical neutrino energy scale E, set by the temperature or chemical potential: namely m ν /E ∼ ∆m ν /E ∼ Σ forward /E ∼ ∂ X /E ∼ O( ) 1 . The inelastic scattering can also be characterized by a potential Σ inelastic ∼ Σ forward × G F E 2 which we therefore power-count as Σ inelastic /E ∼ O( 2 ). This power-counting is tantamount to the statement that physical quantities vary slowly on the scale of the neutrino de Broglie wavelength.
In this paper we elaborate on the terms of the QKEs describing inelastic collisions or production and absorption in the medium. These terms are essential for a correct description of neutrinos in the decoupling epoch (region), in which the neutrino spectra and flavor composition are determined [20] [21] [22] [23] [24] . While Ref. [9] only included a discussion of neutrino-neutrino scattering in isotropic environment, here we compute the collision terms induced by neutrino-(anti)neutrino processes, neutrino scattering and annihilation with electrons and positrons, and neutrino scattering off nucleons. Our expressions for processes involving nucleons are valid in the low-density limit, i.e. do not take into account nucleon interactions. However, the effects of strong interactions in dense matter -relevant for supernovae environments -can be included by appropriately modifying the medium response functions (see for example [25] [26] [27] ).
The paper is organized as follows: in Sect. 2 we review the Quantum Kinetic Equations (QKEs) in the field-theoretic approach, for both Dirac and Majorana neutrinos. In Sect. 3 we provide a derivation of the generalized collision term for Majorana neutrinos, and present general expressions involving coherence terms both in flavor and spin space, valid for any geometry, relegating some lengthy results to Appendix C. The collision terms for Dirac neutrinos are discussed in Section 4. After presenting general results, we discuss two limiting cases. In Sect. 5 we take the one-flavor limit and illustrate the structure of the collision term for the two spin degrees of freedom of a Majorana neutrino (i.e neutrino and antineutrino). In Sect. 6 we consider the isotropic limit relevant for the description of neutrinos in the early universe, with some details reported in Appendix D. Finally, we present our concluding remarks in Sect. 7. To keep the paper self-contained, we include a number of appendices with technical details and lengthy results.
Review of quantum kinetic equations (QKEs)
In this section we review the field-theoretic approach to neutrino QKEs, following Refs. [9, 11] , with the dual purpose of having a self-contained presentation and setting the notation for the following sections. After a brief discussion of neutrino interactions in the Standard Model (SM) at energy scales much smaller than the W and Z boson masses, we present the Green's function approach to neutrino propagation in hot and dense media, we describe the structure of the QKEs, and we finally review the content of the "coherent" (collisionless) QKEs. Throughout, we use four-component spinors to describe both Dirac and Majorana neutrinos, providing an alternative description to the one of Ref. [9] , that employs two-dimensional Weyl spinors. In this section we present results for both Majorana and Dirac neutrinos.
Neutrino interactions
In this work we describe neutrino fields (Dirac or Majorana) in terms of 4-component spinors ν α , where α is a flavor or family index. In the Majorana case the fields satisfy the Majorana condition ν c = ν, with ν c ≡ Cν T , where C = iγ 0 γ 2 is the charge-conjugation matrix. In the Majorana case, the kinetic Lagrangian can be written as
where m = m T is the Majorana mass matrix (a complex symmetric matrix). 2 In situations of physical interest, such as neutrino decoupling in the early universe and neutrino propagation in compact astrophysical objects, the typical neutrino energy is well below the electroweak scale (∼ 100 GeV). Therefore, in computing the collision integrals it is safe to use the contactinteraction limit of the full Standard Model, and to replace the quark degrees of freedom with nucleon degrees of freedom.
After integrating out W and Z bosons, the part of the Standard Model effective Lagrangian controlling neutrino interactions can be written in the following current-current form (in terms of 4-dimensional spinors):
2a)
2b)
A γ 5 N , (2.2c) 
3)
The nucleon couplings are given in terms of g A 1.27 by
(2.4)
Neutrinos in hot and dense media
QKEs are the evolution equations for suitably defined dynamical quantities that characterize a neutrino ensemble, which we will refer to as neutrino density matrices. In the most general terms a neutrino ensemble is described by the set of all 2n-field Green's functions, encoding n-particle correlations. These obey coupled integro-differential equations, equivalent to the BBGKY equations [18] . As discussed in Refs. [1, 9] , for weakly interacting neutrinos (Σ/E ∼ O( , 2 )) the set of coupled equations can be truncated by using perturbation theory to express all higher order Green's functions in terms of the two-point functions. In this case the neutrino ensemble is characterized by one-particle correlations. 3 One-particle states of massive neutrinos and antineutrinos are specified by the three-momentum p, the helicity h ∈ {L, R}, and the family label i (for eigenstates of mass m i ), with corresponding annihilation operators a i, p,h and b j, p,h satisfying the canonical anti-commutation relations
i . Then, the neutrino state is specified by the matrices f ij hh ( p) andf ij hh ( p) (which we call density matrices, with slight abuse of language) In summary, the basic dynamical objects describing ensembles of neutrinos and antineutrinos are the 2n f × 2n f matrices,
where we have suppressed the generation indices (each block f hh is a square n f × n f matrix). QKEs are the evolution equations for F andF . Before sketching their derivation in the following subsections, we discuss how this formalism allows one to describe both Dirac and Majorana neutrinos:
• For Dirac neutrinos, one needs both F andF , with f LL andf RR denoting the occupation numbers of active states, left-handed neutrinos and right-handed antineutrinos, respectively. Similarly, f RR andf LL describe the occupation number of wrong-helicity sterile states.
• For Majorana neutrinos, one can choose the phases so that a i ( p, h) = b i ( p, h) and therefore f hh =f T hh (transposition acts on flavor indices). Therefore the ensemble is described by just the matrix F ( p, x). With the definitions f ≡ f LL ,f ≡f RR = f T RR , and φ ≡ f LR , one needs evolution equations only for the matrix F introduced in Ref. [9] :
3 We neglect here correlations that pair particles and antiparticles of opposite momenta [8, 12] . The coupling of these new densities to the standard density matrices has been worked out explicitly in Ref. [12] . We neglect these terms as their effect primarily generates coherence of opposite-momentum neutrinos only for very long-wavelength modes, with λ deBroglie ∼ λ scale−hight , where λ scale−hight is the length scale characterizing a given astrophysical environment. Significant feedback effects from the long-wavelength modes could alter the analysis presented here. However, a detailed study of this point goes beyond the scope of this work. 4 The interchange i ↔ j in the definition of antiparticle distribution matrices is chosen so that under unitary transformations ν = U ν, f andf transform in the same way, i.e. f = U f U † .
Here f andf are n f × n f matrices describing the occupation and flavor coherence of neutrinos and antineutrinos, respectively. The n f × n f "spin coherence" matrix φ describes the degree to which the ensemble contains coherent superpositions of neutrinos and antineutrinos of any flavor.
The above discussion in terms of creation and annihilation operators has been presented in the mass eigenstate basis [28] . One can define "flavor basis" density matrices f αβ in terms of the massbasis f ij as f αβ = U αi f ij U * βj , where U is the unitary transformation ν α = U αi ν i that puts the inverse neutrino propagator in diagonal form. While the QKEs can be written in any basis, we give our results below in the "flavor" basis.
Green's function approach to the QKEs

Generalities
The description in terms of creation and annihilation operators presented so far has a simple counterpart in the QFT approach of Ref. [9] . In that approach, the basic dynamical objects are the neutrino two-point functions (a and b denote flavor indices, and we suppress spinor indices)
from which one can construct the statistical (F ) and spectral (ρ) functions,
and the time-ordered propagator
The statistical and spectral function have a simple physical interpretation (see for example [19] ): roughly speaking the spectral function encodes information on the spectrum of the theory, i.e. the states that are available, while the statistical function gives information about the occupation numbers and quantum coherence for the available states. As we will show below, the Wigner Transform (i.e. Fourier transform with respect to the relative coordinate) of the statistical function
contains all the information about the density matrices introduced in Eqs (2.5) and (2.6). Below we sketch the various steps leading to the QKEs.
Equations of motion
Starting point is the equation of motion for the two point function G (ν)
ab (x, y), equivalent to the DysonSchwinger equation where we have suppressed for simplicity the flavor indices. G
0 (x, y) is the tree-level two point function andΣ(x, y) is the neutrino self-energy, i.e. the sum of all amputated one-particle-irreducible (1PI) diagrams with two external neutrino lines.Σ(x, y) is itself a functional of the two point function G (ν) and admits the decomposition into a local term, and ± components:
With the interactions given in Sect. 2.1, one can show that Σ(x) receives contributions starting at one loop ( Fig. 1) , i.e. first order in G F , while Π ± (x, y) receive contributions starting at two loops ( Fig. 2) , and are thus of second order in G F . Wigner-transforming the equation of motion for the two-point function and keeping terms up to O( 2 ) in the small ratios discussed in Sect. 1, namely, 14) one arrives at [9] Ω
Decomposition in spinor components
The Wigner transform of the statistical function F (ν) ab (k, x) (and any other two-point function) has sixteen spinor components (scalar, pseudoscalar, vector, axial-vector, tensor), 
The forward scattering potential Σ(x) and the inelastic collision self-energiesΠ ± (k, x) admit a similar decomposition in spinor components (we give here only the decomposition forΠ, a completely analogous one exists for Σ): 
and two transverse four vectorŝ x 1,2 (k) such thatκ ·x i =κ ·x i = 0 andx i ·x j = −δ ij , or equivalentlyx ± ≡x 1 ± ix 2 , withx + ·x − = −2 (see Appendix A for additional details).
The components of the self-energy entering the QKEs are obtained by the projections (see Appendix A)
which can be arranged in the 2n f × 2n f structures:
Leading order analysis
The equations of motion (2.15) impose relations between the sixteen components of F 
with all other spinor components vanishing.
Beyond O( 0 ), the four independent spinor components of F (ν) ab (k, x) can be conveniently chosen to coincide with the ones non-vanishing to O( 0 ) [9, 11] . They can be isolated by the following projections:
where the upper (lower) signs and indices refer to Φ (Φ † ) 5 . These components can be collected in a 2n
5 Compared to Ref. [9] , in Eq. (2.21b) the appearance of the additional phase ϕ(k) (azimuthal angle of k) is due to our choice of coordinates (A.1), as was explained in Ref. [11] . 6 Notice that the arrangement of the L, R components here differs from the one in the matrixΠ in Eqn. (2.19) above.
In the free theory, the positive and negative frequency integrals ofF give (up to a constant) the particle and antiparticle density matrices of Eq. (2.6) defined in terms of ensemble averages of creation and annihilation operators (see Eqs (2.5)):
In the interacting theory, we take the above equations as definitions of neutrino and antineutrino number densities (generalized to include the off-diagonal coherence terms). These correspond to spectrallydressed densities in the language adopted in Refs. [29, 30] , with quasi-particle spectra dictated by Eq. (2.24b) below.
Kinetic equations and shell conditions beyond leading order
Beyond O( 0 ), the dynamics ofF (k, x) is still controlled by Eq. (2.15). Projecting out all the spinor components of (2.15) one finds [9] : (i) constraint relations that express "small components" of F (ν) in terms of F L,R and Φ; (ii) evolution equations (i.e. first order in space-time derivatives) forF (k, x); (iii) constraint relations on the componentsF (k, x), which determine the shell structure of the solutions.
, the kinetic and constraint equations (items (ii) and (iii) above) for the matrixF (k, x) are
the constraint equation (2.24b) can be written in the more familiar form of a shell-condition:
The 2n f × 2n f potential Σ(x) is defined in (2.19) and its projections are Σ κ =κ(k) · Σ and Σ i =x i · Σ. The Hamiltonian-like operator controlling the coherent evolution in Eq. (2.24a) is given by
with
27b)
27c)
The reason for this is that the Lorentz scalar components of the equations of motion (2.15) (ultimately determining the kinetic equations for FL and FR) involve derivatives acting on FL,R as well as products of the type FL,R · ΣR,L and
This can be verified either by direct matrix multiplication [9] or by taking the appropriate traces. Therefore, the "R" chiral components of the self-energy affect the dynamics of the "L" density FL, and vice versa. With the choice made in Eqs. (2.19) and (2.22) one then obtains kinetic and shell conditions in the compact 2n f × 2n f matrix form given below in (2.24a) and (2.24b).
where Σ
and ij is the two-dimensional Levi-Civita symbol ( 12 = 1). Finally, the collision term in Eq. (2.24a) readŝ
where the 2n f ×2n f gain and loss potentialsΠ ± (k) are given in Eq. (2.19) in terms of spinor components of the self-energy, extracted from a calculation of the two-loop diagrams of Fig. 2 , and
In order to obtain the collision terms to O( 2 ) we will need only the O( 0 ) expression for the vector component of the spectral function, namelyρ(k) = 2iπ| k|δ(k 2 )sgn(k 0 ) (see Appendix B).
Integration over frequencies: QKEs for Dirac and Majorana neutrinos
The final step to obtain the QKEs requires integrating (2.24a) over positive and negative frequencies, taking into account the O( ) shell corrections from (2.24b), whenever required in order to keep terms up to O( 2 ) in power-counting. Recalling the definitions (2.23a), the integrations over positive and negative frequency lead to:
The differential operator on the left-hand side generalizes the "Vlasov" term. The first term on the right-hand side controls coherent evolution due to mass and forward scattering and generalizes the standard Mikheyev-Smirnov-Wolfenstein (MSW) effect [31] [32] [33] . Finally, the second term on the right hand side encodes inelastic collisions and generalizes the standard Boltzmann collision term [34] [35] [36] [37] [38] [39] [40] [41] [42] .
Let us now discuss in greater detail each term. The physical meaning of the differential operators on the LHS of (2.30) becomes more transparent by noting that they can be re-written as 
thus encoding the familiar drift and force terms. In terms of the mass matrix m and the potentials Σ µ L,R , the Hamiltonian-like operators controlling the coherent evolution are given by analyses of neutrino oscillations in medium. Σ κ L,R include the usual forward scattering off matter and neutrinos, and are functions of F,F thereby introducing non-linear effects in the coherent evolution. The m † m/| k| term encodes vacuum oscillations. The additional terms in H L,R and the spin-flip term H LR , discussed in detail in Refs. [11, 43] , complete the set of contributions to O( 2 ).
Finally, the collision terms on the RHS of Eqs. (2.30) are
where 7
and the 2n f × 2n f gain and loss potentialsΠ ± are given in Eq. (2.19) in terms of spinor components of the self-energy. The above discussion directly applies to Dirac neutrinos, with Eqs. (2.30) representing QKEs for neutrino (F (k, x)) and antineutrino (F (k, x)) density matrices. In the Majorana caseF (k, x) contains no additional information compared to F (k, x). So one can get QKEs for Majorana neutrino exclusively from the positive frequency integral of (2.24a). To avoid confusion, in the Majorana case we denote the positive frequency integral ofF (k, x) by F(k, x) (see Eq. (2.7) for a discussion of its physical content). The Majorana QKE is formally identical to the first one of (2.30): 36) and Π ± formally given in (2.34). The analogy, however, is only superficial because the potentials Σ µ and Π ± have a very different structure in the Dirac and Majorana cases. Anticipating results to be described later, we note that:
• Concerning the potentials induced by forward scattering, Σ R,L , for Dirac neutrinos
On the other hand, in the Majorana case one has Σ L = −Σ T R , with transposition acting on flavor indices: right-handed antineutrinos do interact even in the massless limit.
• Concerning the inelastic potentialsΠ ± given in (2.19), in the Majorana case all four n f ×n f blocks are non-vanishing, i.e. Π 
Refractive effects
Before discussing in detail the collision terms in the next section, for completeness we briefly describe refractive effects in the coherent evolution, controlled by the potential Σ. Σ R and Σ L (see Eq. 2.19) are the 4-vector potentials induced by forward scattering for left-handed and right-handed neutrinos, respectively. For Dirac neutrinos Σ R = 0 and
The potential induced by a background of electrons and positrons is given for any geometry by the following expressions:
where a, b are flavor indices, v
The nucleon-induced potentials have similar expressions, with appropriate replacements of the Land R-handed couplings to the Z and the distribution functions f e L → f N L , etc. For unpolarized electron and nucleon backgrounds of course one has f e L = f e R , etc., and the nucleon contribution to the potential is:
given in Eq. (2.4). Finally, the neutrino-induced potentials are given by
with n µ (q) = (1,q). For a test-neutrino of three-momentum k, these potentials can be further projected along the basis vectors: with light-like component Σ κ ≡ n(k) · Σ along the neutrino trajectory (in the massless limit); and space-like component Σ i ≡ x i (k) · Σ, transverse to the neutrino trajectory. In particular, for the neutrino-induced contribution we find
, consistently with the familiar results in the literature (see [44] and references therein).
Having summarized the structure of the neutrino QKEs, we next discuss the main new results of this paper, namely the calculation of the collision terms. We recall that the Majorana collision term is given by
with the 2n f × 2n f gain and loss potentials Π ± given in Eq. (2.19) in terms of spinor components of the self-energy, extracted from a calculation of the two-loop self-energies of Fig. 2 . The 2n f × 2n f collision term matrix is thus given by
Note that the collision term has a non-diagonal matrix structure in both flavor [1, 2] and spin space [9] . The matrix components of Π ± can be expressed in terms of neutrino density matrices and distribution functions of the medium particles (electrons, etc.). To the order we are working, we need only the O( 0 ) expressions for the neutrino and matter Green's functions in the collision term. These expressions are collected in Appendix B. The contribution to ν −ν scattering neglecting spin coherence is given in Ref. [9] . We present below the full analysis including scattering off neutrinos, electrons, and low-density nucleons. Deriving the collision term requires the following steps:
• Calculation of the self-energy diagrams in Fig. 2. • Identification of the components ofΠ ± (see (2.19) ) by projecting the self-energy diagrams on appropriate spinor and Lorentz components via Eq.(2.18).
• Integration over positive frequencies according to Eq. (3.1b) to obtain Π ± ( k).
• Matrix multiplications to obtain the various components of C M in (3.3).
In the following subsections we present results on each of the above items.
Self-energies to two loops
The Standard Model interactions allow for neutrino-neutrino processes and neutrino interactions with charged leptons and nucleons, cf. Eqn. (2.2). We report below the various contributions.
• Neutrino-neutrino processes receive contributions from both topologies in Fig. 2 .
where a, b, c, d are flavor indices.
• Neutrino-electron processes receive contributions only from the first topology in Fig. 2 :
• Neutrino-nucleon processes receive contributions only from the first topology in Fig. 2 . There are two contributions, scattering and absorption. Scattering:
Neutrino absorption and emission:
In the above expression we have introduced the projector on the electron flavor,
and we are neglecting contributions from µ ± and τ ± , which are kinematically suppressed at the energies and temperatures of interest. Their contributions are formally identical to the electron one, with the replacements I e → I µ , I τ and
Projections on Lorentz structures
Using the identities collected in Appendix A.2 and A.3, one can perform all the needed projections in a straightforward way (at most four gamma matrices and a γ 5 appear in the traces). In the following, we will suppress flavor indices. The vector and tensor components of the self-energies (defined in Eqn. (2.18)) for all processes considered in this work are:
Neutrino-nucleon scattering processes
The various tensors are given by:
In the last expression we have explicitly indicated the dependence of the basis vectorsκ,κ ,x ± on the four-momenta k and k . Finally, the nucleon response function is given by:
(3.12) We give the explicit expressions for the neutrino and nucleon Green's functionsḠ
Neutrino-electron processes
The electron response functions are given by (recall A, B ∈ {L, R} and P A,B = P L,R ):
Expressions for the electron Green's functions G (e) to O( 0 ) are given in Appendix B.
Charged-current processes
There is no tensor projection from these processes. The charged-current response is given by:
Neutrino-neutrino processes
The diagram in the left panel of Fig. 2 induces:
The diagram in the right panel of Fig. 2 induces
and
Frequency projections: general results for loss and gain potentials
To obtain the Majorana collision term C M , we need the positive-frequency (k 0 > 0) integrals of Π ± (k 0 , k) defined in Eq. (3.1). Furthermore, we also integrate over q 0 1,2,3 using the δ-functions present in all Green functions, see (B.4) and (B.6).
In the following, we will use abbreviations for the various density matrices, i.e.
Note that all density matrices and distribution functions appear with argument "+ q i ". i.e. f ( q i ) and not f (− q i ), something we achieve via variable substitution under the integrals. Furthermore, f,f with subscripts (N ) , (e) indicate them being nucleon and electron (anti)particle distributions (and thus scalars in flavor space) rather than neutrino distributions. Finally, we write 
for all f i (all particle species, including barred ones) and φ j . For each class of processes, we also give below the recipe to obtain the antineutrino potentials Π 22) where (T T ) µν (k, k ) is defined in (3.11), we suppressed the superscripts (N ) on the couplings C V,A and all four-momenta are on-shell, i.e. q 0 i = E i and thus δ (4) 
where M R → M L amounts to a change of sign in the axial coupling C A .
Charged-current processes
The loss potential term from charged-current neutrino absorption 24) where the flavor projector I e is defined in Eq. (3.9) and
Neutrino absorption and emission does not induce P
where again M CC R → M CC L amounts to a change of sign in the axial coupling g A .
Neutrino-electron processes
Neutrino electron processes contribute to the loss potentials as follows,
where
and M T (q 1 , q 2 , q 3 , k) is defined in (3.22) . The first term of the sum in Eq. (3.27a) stems from neutrino scattering off electrons (ν(k)e − (q 2 ) → ν(q 3 )e − (q 1 )), the second from neutrino scattering off positrons (ν(k)e + (q 1 ) → ν(q 3 )e + (q 2 )) , and the third ones from neutrino-antineutrino annihilation into electronpositron pairs (ν(k)ν(q 3 ) → e + (q 2 )e − (q 1 )). The antineutrino potentials are obtained by the relation
Neutrino-neutrino processes
Neutrino-neutrino scattering νν → νν and neutrino-antineutrino scattering νν → νν contribute to the neutrino loss potentials as follows,
with M T (q 1 , q 2 , q 3 , k) defined in (3.22) and
In absence of spin-coherence (φ i → 0) the first term in (3.30) encodes loss terms due to ν k ν 2 → ν 1 ν 3 , while the terms in the last two lines in (3.30) encode the effects of νν → νν processes. All the remaining terms, involving φ i , arise due to the fact that target neutrinos in the thermal bath can be in coherent linear superpositions of the two helicity states (see Section 5 for a discussion of this point).
The corresponding antineutrino potentials are obtained by the relation
and the contributions of neutrino-neutrino processes to the helicity off-diagonal loss potentials read
With the gain and loss potentials at hand, the collision terms C and C φ are then assembled according to Eqn. (3.3) . We present the lengthy results for (some of) the assembled collision terms in Appendix C.
Dirac collision term
In this section we discuss the structure of the collision terms C andC (2.33) appearing in the QKEs (2.30) for Dirac neutrinos and antineutrinos. We do not repeat all the steps reported in Section 3, but simply outline how to map the Majorana expressions into the ones relevant for Dirac neutrinos.
First, note that the self-energy diagrams in Fig. 2 for Dirac neutrinos are obtained from the ones in Sect. 3.1, that refer to the Majorana case, with the following simple changes:
(i) in the weak vertices one should make the replacement
(ii) in Eq. (3.4) the trace should be multiplied by a factor of 2; (iii) in Eq. (3.8) the second term (with γ µ P R in the vertices) should be dropped. 
Finally, performing the matrix multiplications to obtain the various components of C andC we obtain the following form in terms of n f × n f blocks:
3b)
4b)
The collision terms C RR andC LL vanish because R-handed neutrinos and L-handed antineutrinos do not interact in the massless limit that we adopt here (mass effects in the collision term are higher order in the counting). The gain and loss potentials Π κ± R andΠ κ± R can be expressed in terms of neutrino density matrices and distribution functions of the medium particles (electrons, etc.), as in the Majorana case. In fact, the expressions for the Dirac case can be obtained from the ones in the Majorana case with the following mapping, which we have checked with explicit calculations:
• The Dirac neutrino potentials Π κ± R are obtained from the Majorana ones by replacing f → f LL andf →f RR everywhere.
• The Dirac antineutrino potentialsΠ (ii) In the CC processes, make the replacements f e →f e , f n ↔ f p , and flip the sign of the axial coupling (g A → −g A ).
One-flavor limit and interpretation of off-diagonal entries
We now specialize to the one-flavor limit and illustrate the structure of the collision term for the two spin degrees of freedom corresponding to Majorana neutrino and antineutrino. We will discuss explicitly only the simplest process, namely neutrino-nucleon scattering. We provide a simple form for the various components of the gain and loss potentials Π ± in terms of scattering amplitudes of the two spin states (neutrino and antineutrino) off nucleons. We also provide a heuristic interpretation of the results for Π ± in terms of changes in occupation numbers and quantum coherence due to scattering processes in the medium. Finally, in the limiting case of nearly-forward scattering we are able to recover earlier results by Stodolsky and collaborators [2, 45, 46] . Note that while we work with spin degrees of freedom, the discussion applies to the case of any internal degree of freedom.
Scattering amplitudes
In the collision terms calculated in the previous sections we have set the neutrino mass to zero, as terms proportional to the neutrino mass in the collision term would be O( 3 ) in our counting. Therefore, when computing neutrino-nucleon scattering from the interaction Lagrangian L νN of (2.2), we need to use the massless Majorana neutrino fields, ν L , which can be expressed as follows (with dk defined in (3.19))
in terms of spinors v(k, ±) = u(k, ∓) and creation / annihilation operators a † (k, ∓) and a(k, ∓). The ∓ label refers to helicity: negative (L-handed) helicity corresponds to the neutrino (ν − ), while positive helicity (R-handed) to the antineutrino (ν + ). The spinors satisfy the following relations,
in terms of the basis vectorsκ(k) andx ± (k) (see Appendix A).
The gain and loss terms can be expressed in terms of the following neutrino and antineutrino scattering amplitudes (and their conjugates):
The amplitudes A ∓ (k) depend also on k , p, p , but to avoid notational clutter we do not write this down explicitly. From the interaction Lagrangian L νN of (2.2), recalling
A γ 5 ), one finds:
Note that the scattering processes do not flip the neutrino spin (this effect enters to O(m ν /E ν )). In other words, we consider the case in which collisions do not change the internal quantum number. In the Standard Model this applies to both spin (neglecting neutrino mass) and flavor. Taking the average over the initial and sum over final nucleon polarizations, i.e.
, the relations (5.2), and the trace identities for gamma matrices, one can show that:
where M R,L,T are given in (3.22) (note the proportionality holds modulo the 4-momentum conservation δ-function in (3.22) ). These results imply that Π κ R,L and P T can be expressed in terms of A * − A − , A * + A + , and A * − A + , respectively.
Gain and loss potentials in terms of ν andν scattering amplitudes
Keeping track of all factors, we find that the gain and loss potentialsΠ ± (as per (2.19)) in the one flavor limit can be written in terms of A * α A β as follows. The gain term is given by:
| k| dk dp dp (2π
while the loss term reads:
Using (2.19) one can easily identify Π κ ± R/L (k) and P ± T (k) as the diagonal and off-diagonal entries in the above equations. Moreover, one can check that the positive-frequency integrals of (3.10) in the one-flavor case reduce to the matrix entries in (5.7) and (5.8).
The diagonal entries in the above expressions correspond to the familiar gain and loss terms for neutrino and antineutrinos (ν ∓ (k)), that one could have guessed without the field-theoretic derivation: they are proportional to the square moduli of the scattering amplitudes of each state (|A ∓ (k)| 2 ). The off-diagonal entries, however, are proportional to the products A * − (k)A + (k) φ( k ) and thus are related to interference effects that arise when initial and final states in a scattering process are given by coherent linear combinations of ν + (k), ν − (k) and ν + (k ), ν − (k ) (φ( k ) = 0).
While so far we have phrased our discussion in terms of neutrinos and antineutrinos of the same flavor, the results generalize to a system with any internal degree of freedom, such as flavor, denoted by labels a, b. Assuming that scattering processes do not change the internal degree of freedom, i.e. A(ν a N → ν b N ) ∝ δ ab A a , one gets the general structures:
dk dp dp (2π
in agreement with earlier work on collisional terms for particles with internal degrees of freedom, such as color, flavor, and/or spin [29, 47, 48] .
The above results forΠ ± (k) are derived in the field theoretic context with a well defined set of truncations, dictated by our power-counting in 's. In addition, heuristic arguments can help explaining the structure of the gain and loss potentials. Let us discuss Π − ab (k), i.e. the "gain term". As we already mentioned, the off-diagonal terms must be related to interference effects in the scattering, arising when the thermal bath contains states that are coherent superpositions of | k, a and | k, b , i.e. states with same momentum but different internal quantum number. So let us consider the evolution of an initial state |i = c a (k )| k , a + c b (k )| k , b , where k represents a generic momentum other than the momentum k of our "test" neutrino. Modulo normalizations, the density matrix associated with this (pure) state reads f ab (k ) ∝ c a (k )c * b (k ). Under S-matrix evolution the state |i evolves into
. . , where we used k, a|S| k , a ∝Ā a (k) (see (5.3) ) and the dots represent states with p = k onto which the final state S|i can project. So as a net result of evolving the state |i , a linear superposition of internal states with momentum k is generated. The change in the density matrix for momentum k reads ∆f
, which has the same structure of (5.9a). So we see that Π − ab (k) ∝ ∆f ab (k), i.e. the gain potential is related to the change in occupation number (a = b) or coherence (a = b) in the momentum state k resulting from scattering from all bins k into the bin k.
Coherence damping
The coherence damping rate has been estimated in Refs. [2, 45, 46] in the special case of nearly forward scattering, namely k ∼ k, and our expression can reproduce their result. In fact, for k ∼ k one has 
Recalling that for k ∼ k then A * − A + becomes real, one arrives at the result
which agrees qualitatively with [2, 45, 46, 49] : the damping rate for the coherence φ( k) is proportional to a statistical average of the square of the difference of the scattering amplitudes of the two states.
In the case of neutrinos and antineutrinos, since weak interactions are spin-dependent, A − − A + = 0 and we expect damping of spin coherence with a typical weak-interaction time scale. On the other hand, neutrino-nucleon scattering is flavor blind and therefore does not contribute to damping of flavor coherence in the case of nearly forward scattering. "Flavor blind" scattering (i.e. A + = A − ) can still cause coherence damping, as long as the collisions involve energy transfer. Assuming for simplicity thermal equilibrium for the "scatterers" (the nucleons in our example, so that f N (p) = 1/(e Ep/T + 1)), we find 8
The vanishing of d 3 kC φ ( k) = 0 (in agreement with Ref. [2] ) signals that coherence at the level of the "integrated" density matrix is not damped for flavor blind interactions. On the other hand, the fact that the individual C φ ( k) = 0 signals that flavor-blind collisions "shuffle" or transfer coherence between momentum modes.
Isotropic limit and the early universe
In this section we revert to the full three-flavor analysis and consider the limiting case of our expressions corresponding to isotropic space, that allows us to further evaluate analytically the expressions derived earlier in this work. The isotropic limit is of considerable physical interest, as it applies to the description of the early universe (see earlier works [20] [21] [22] [23] [24] ). In this setup we may assume that all f 's depend only on the absolute values of the momenta (not the angles) and additionally all φ (for Majorana neutrinos) and f LR (for Dirac neutrinos) vanish, thus greatly simplifying our collision terms. In particular, all collision terms relating to spin-coherence vanish, i.e. C φ = 0 in the Majorana case and C LR =C RL = 0 in the Dirac case. In the Majorana QKEs, the non-vanishing n f × n f blocks of C M in Eq. (3.2) are given by:
For the "flavor diagonal" collision term C( k), in the same limit we obtain
In the Dirac QKEs, the non-vanishing n f × n f blocks of C andC in Eq. (4.2) are obtained from the Majorana results as follows:
The key trick [21, 50] leading to closed expressions for the collision integrals is to write the momentum conserving δ-function in terms of its Fourier representation
With this result, one can integrate out all angles ultimately arriving at an expression with only two integrals left [21, 50] . The types of integrals appearing for the x = cos θ i are
The integrals over the ϕ i are trivial when aligning theẑ-axis with λ. Below, we report our results for the collision term in isotropic environments. Each contribution to the collision term has a factorized structure, in terms of weak matrix elements and distribution functions of the "scatterers", multiplied by a matrix structure involving the neutrino and antineutrino density matrices f, f 1,2,3 andf ,f 1,2,3 .
Neutrino-nucleon scattering processes
Neglecting contributions from antinucleons (irrelevant in the early universe in the interesting decoupling region, T < 20 MeV) the scattering processes ν(k)N (q 2 ) ↔ ν(q 3 )N (q 1 ) lead to
,k , and D 1,2,3 are expressions previously discussed by Dolgov, Hansen and Semikoz in [21] (see also [50] ), and we list them explicitly in Appendix D. In the above expressions one recognizes the usual loss and gain terms. In the one-flavor limit the anti-commutators become trivial and we recover the standard Boltzmann collision term for neutrino-nucleon scattering. The antineutrino collision termC T can be obtained from C in (6.5) with the replacements f i ↔f T i and C A → −C A .
Neutrino-electron processes
The neutrino collision term induced by ν-e ± processes is given by
+ gain, (6.6) where
gain" denotes the corresponding gain terms for which the overall sign is flipped and all f ↔ (1 − f ) (including barred occurrences of f i ), and the polynomial functions D 1,2,3 are given in Appendix D. The explicit loss terms in (6.6) correspond to ν(k)e − (q 2 ) → ν(q 3 )e − (q 1 ) scattering. The additional loss term expressions indicated implicitly in next-to-last and second-to-last lines in (6.6) represent ν(k)e + (q 1 ) → ν(q 3 )e + (q 2 ) scattering and ν(k)ν(q 3 ) → e + (q 2 )e − (q 1 ) pair processes, respectively. Note that in these terms, the sign flips of energies affect the energy-conserving delta functions as well as the overall sign of some of the terms proportional to D 2 . The antineutrino collision termC T is obtained from (6.6) by the replacements
If we neglect the off-diagonal densities (f a =b = 0,f a =b = 0), the anticommutators become trivial and we reproduce the results of Refs. [20, 21] for the diagonal entries C aa of the collision term.
Charged-current processes
The processes ν(k)n(q 2 ) ↔ e − (q 3 )p(q 1 ) lead to the neutrino collision term
are given in Appendix D, and the flavor projector I e is defined in Eq. (3.9).
The antineutrino collision termC T induced by the processesν(k)p(q 2 ) ↔ e + (q 3 )n(q 1 ) can be obtained from C in (6.7) with the replacements f ↔f T , f e →f e , f n ↔ f p , and g A → −g A . Moreover, C T receives a contribution induced by neutron decay, which can be obtained from C in (6.7) with the replacements f ↔f T , f e → 1 − f e , f n ↔ f p , and g A → −g A , and E 3 → −E 3 .
Neutrino-neutrino processes
Neutrino scattering off neutrinos and antineutrinos induces the collision term
where all q i = E 2 i and "gain" denotes the corresponding gain terms for which the overall sign is flipped and all f ↔ (1 − f ) (including barred occurrences of f i ). The second and third lines in (6.8) correspond to ν(k)ν(q 2 ) → ν(q 3 )ν(q 1 ) scattering. The fourth and fifth lines in (6.8) represent ν(k)ν(q 2 ) → ν(q 3 )ν(q 1 ). The antineutrino collision termC T induced by the processesνν →νν and νν →νν can be obtained from C in (6.8) with the replacements f ↔f T (including all occurrences of f i ). If we neglect the off-diagonal densities (f a =b = 0,f a =b = 0), the anti-commutators become trivial and we reproduce the results of Refs. [20, 21] for the diagonal entries C aa of the collision term. 9 
Discussion and conclusions
In this work we have derived the collision terms entering the quantum kinetic equations that describe the evolution of Dirac or Majorana neutrinos in a thermal bath. We include electroweak processes involving neutrino scattering off other neutrinos, electrons, and nucleons, as well as νν ↔ e + e − pair processes.
Throughout our analysis we have kept track of both flavor and spin neutrino degrees of freedom. We have first provided general, rather formal, expressions for the collision terms, valid in principle for any geometry, including anisotropic environments such as supernovae and accretion disks in neutronstar mergers. Our results generalize earlier work by Sigl and Raffelt [1] , in which spin coherence effects were neglected. When including spin degrees of freedom, the gain and loss potentials Π ± become 2n f × 2n f matrices, whose diagonal n f × n f blocks describe the collisions of each spin state, and whose off-diagonal n f × n f blocks describe interference effects in the scattering involving coherent superpositions of the two spin states. Since for Dirac neutrinos the "wrong helicity" states (R-handed neutrinos and L-handed antineutrinos) do not interact in the massless limit, in this case the gain and loss potentials greatly simplify, as only the upper n f ×n f block survives (see Section 4). Our results are in qualitative agreement with the ones in Ref. [29] , where collision terms involving flavor and helicity coherence have been studied in the context of kinetic equations for leptogenesis.
The main results of this paper are:
• Within the field-theoretic framework, we have derived general expressions for the neutrino collision terms, valid in anisotropic environments. The lengthy results for the gain/loss potentials are given in Sect. 3, while the collision terms are presented in Appendix C. Compared to previous literature, new terms involving spin coherence appear. After using the constraints from the energy-momentum conservation, all the terms (including the "standard" ones that do not involve spin) can be expressed as five-dimensional integrals. These are intractable at the moment in codes describing astrophysical objects, but will be required for a detailed study of neutrino transport in the future, especially to assess the impact of the so-called "halo" on collective neutrino oscillations in supernovae [42] .
• After presenting general results, we have focused on two limiting cases of great physical interest. First, in Sect. 5 we have taken the one-flavor limit and illustrated the structure of the collision term for the two spin degrees of freedom (neutrino and antineutrino in the Majorana case).
Here we have provided simple expressions for the diagonal and off-diagonal entries of the gain and loss potential. As expected, the diagonal terms are proportional to the square moduli of the amplitudes describing neutrino and antineutrino scattering off the target particles in the medium (|A ∓ | 2 ). On the other hand, the off-diagonal terms are proportional to the product A * − A + of scattering amplitudes for neutrino and antineutrino. In this section we have also estimated the damping rate for spin coherence due to neutrinos (antineutrinos) scattering off nucleons, under the assumption that collisions involve small energy transfer compared to typical energies of the system. Finally, we have shown that coherence "transfer" among momentum modes is enforced by the collision term even in the case of "flavor-blind" interactions, as long as the collisions involve energy transfer.
• Next, in Sect. 6 we have considered the isotropic limit relevant for the description of neutrinos in the early universe. In this case, following Ref. [21] , we were able to analytically evaluate most of the collision terms, leaving just two-dimensional integrals for computational implementation. These latter expressions generalize earlier results found in Refs. [20, 21] . In fact, our results encode the same scattering kernels as in Ref. [21] , but multiplied by the appropriate products of density matrices that realize the "non-Abelian" Pauli-blocking first described in Ref. [2] . Our flavor-diagonal collision terms reproduce the results of Ref. [21] . The resulting collision terms in the isotropic limit are amenable for computational implementation in studies of neutrino transport in the early universe, and its impact on primordial lepton number asymmetries and Big Bang nucleosynthesis.
In summary, this work completes the derivation of neutrino QKEs from field theory in general anisotropic environments, started in Ref. [9] , by including the collision terms. While the computational implementation of these collision terms will be challenging, here we have provided the needed theoretical background. We have also gained insight on the structure of the collision term by discussing in some detail the one-flavor limit, relevant for neutrino-antineutrino conversion in compact objects, and the isotropic limit, relevant for the physics of the early universe.
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A Kinematics of ultra-relativistic neutrinos
A.1 Basis vectors
For ultra-relativistic neutrinos of momentum k, it is useful to express all Lorentz tensors in terms of a basis formed by two light-like four-vectorsκ µ (k) = (sgn(k 0 ),k) andκ µ (k) = (sgn(k 0 ), −k) (κ ·κ =κ ·κ = 0,κ ·κ = 2) and two transverse four vectorsx 1,2 (k) such thatκ ·x i =κ ·x i = 0 andx i ·x j = −δ ij . It also useful to definex ± ≡x 1 ± ix 2 so thatx + ·x − = −2. Note, that k µ → −k µ means (with our choice of basis) thatκ → −κ andx ± →x ∓ , i.e. (κ ∧x ± ) → −(κ ∧x ∓ ), where
. This can be seen directly in terms of spherical coordinates:
Under parity, the angles change as θ → π −θ and ϕ → π +ϕ. Therefore, cos θ → − cos θ, sin θ → + sin θ and cos ϕ → − cos ϕ, sin ϕ → − sin ϕ, leading to κ → − κ, x 1 → + x 1 , x 2 → − x 2 and x ± → x ∓ . Any Lorentz vector V µ has light-like and space-like components defined as V κ ≡κ · V and V i ≡ x i · V , respectively. For the components of the derivative operator we adopt the notation ∂ κ ≡κ · ∂,
A.2 Vector and tensor components of two-point functions and self-energies
The decomposition of the neutrino Green function G (ν) (k) into independent spinor and Lorentz structures is discussed in Ref. [9] . It takes the form
where σ µ = (1, σ),σ µ = (1, − σ) and σ i are the usual Pauli matrices. Additionally,
The first line in Eq. (A.2) corresponds to the notation of Ref. [9] , while the second line makes explicit use of the four-dimensional Dirac matrices. For additional relations between the four and two component representations, see e.g. [51] . Similarly, any self-energy diagram carries spinor indices. It can be written as follows,
where the first line corresponds to the notation of Ref. [9] , while the second line makes explicit use of the four-dimensional Dirac matrices. The vector and tensor spinor components of Π can be isolated with the following projections:
Furthermore, the Lorentz vector and tensor objects Π α L,R , (Π L,R T ) µν can be decomposed in terms of the basis vectorsκ,κ ,x 1,2 . The quantities Π κ L,R and P T that appear in the collision term correspond to specific components Π α L,R and (Π
The components relevant for the collision term are obtained by the contractions
So in summary, to obtain the quantities relevant for the collision term we need the following projections (traces are only on spinor indices; Π κ L,R and P T are matrices in flavor space):
A.3 Tensor components and duality properties
The projections and traces are greatly simplified by noting the following identities. Denote by T αβ ± any self-dual (+) or anti self-dual (−) antisymmetric tensor, with dual tensor T defined by
Then one has:
Using the above identities one can perform all the needed projections in a straightforward way (at most four gamma matrices and a γ 5 appear in the traces).
which may be checked by explicit computation using the Lie algebra of the Pauli matrices. Similarly, the wedge products satisfy the following duality relations 12) and from these relations it directly follows that
where we used the notationκ i ≡κ(q
B Green's functions to O( 0 ) in power counting
In this appendix we summarize the form of the two-point functions for neutrino and matter fields (e, n, p) to leading order in our power counting, i.e. to O( 0 ). We use these expression to evaluate the collision potentials Π ± to O( 2 ).
The collision term involves the ± components of the Green's functions, defined in terms of the statistical (F ) and spectral (ρ) functions as:
Using the fact that to leading order the neutrino spectral function has only vector components,
we can write (see (A.2) )
The explicit form of Ḡ L,R V ± (k) and Φ(k) for Majorana neutrinos is 10
In the above equations the transposition operation acts on flavor indices. In summary, the neutrino Green's functions to O( 0 ) can be written as:
Finally, for unpolarized target particles of mass m, and spin 1/2 (denoted generically by ψ, where ψ = e, n, p) the Wigner transformed two-point functions read [9, 16] :
where f ψ ( p) andf ψ ( p) are the "target" particle and antiparticle distributions. In order to isolate the spinor structure, we use the notation G (ψ)± (p) = ( / p + m ψ )Ḡ (ψ)± (p). 10 The Dirac case can be recovered by the replacements f → fLL,f → fRR inḠ
T →f LR in Φ, and φ † → fRL, φ * →f RL in Φ † .
C Collision term for ν-N , ν-e, and charged current processes
In this appendix we present the results for the "assembled" collision terms C and C φ induced by neutrino-nucleon, neutrino-electron, and charged-current processes, assembling the gain and loss potentials of Section 3.3 according to Eq. (3.3). We refrain from displaying the expressions for the collision terms induced by neutrino-neutrino processes: these are quite lengthy but can be obtained straightforwardly in the same way as for the other processes.
Neutrino-nucleon scattering processes
Neutrino-nucleon scattering ν(k)N (q 2 ) → ν(q 3 )N (q 1 ) induces the following contributions to C and C φ in (3.3): where M R,L,T (q 1 , q 2 , q 3 , k) given in (3.22) and M * T denotes the complex conjugate of M T , whose only differences arex ± ↔x ∓ and the sign of the phase.
The contribution toC T in (3.3) can be obtained from C in Eq. (C.1) with the following substitutions: 
Neutrino-electron processes
Charged-current processes
The contributions to the collision term from charged-current neutrino absorption and emission ν(k)n(q 2 ) ↔ e − (q 3 )p(q 1 ) are where the flavor projector I e is defined in Eq. (3.9) and the matrix elements M CC R,L (q 1 , q 2 , q 3 , k) are given in (3.25) .
The antineutrino collision termC T induced by the processesν(k)p(q 2 ) ↔ e + (q 3 )n(q 1 ) can be obtained from C in (C.5) with the replacements f →f T , f e →f e , f n ↔ f p , and
D The DHS integrals
Using Mathematica we find (for all q i > 0) 
